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Abstract. The classification of complex of real finite dimensional Lie algebras which are 
not semi simple is still in its early stages. For example the nilpotent Lie algebras are classified 
only up to the dimension 7. Moreover, to recognize a given Lie algebra in a classification list 
is not so easy. In this work we propose a different approach to this problem. We determine 
families for some fixed invariants, the classification follows by a deformation process or 
contraction process. We focus on the case of 2 and 3-step nilpotent Lie algebras. We 
describe in both cases a deformation cohomology of this type of algebras and the algebras 
which are rigid regarding this cohomology. Other p-step nilpotent Lie algebras are obtained 
by contraction of the rigid ones. 


1. Introduction 

Let g be a Lie algebra over an algebraically closed field IK of characteristic 0. We denote by 
{g^ I fc = 0,1, 2,...} the descending central series of g defined by g° = g and g^ = [g^“^, g], 
for k = 1,2,... In any Lie algebra the lower central series is a filtration in the sense that 
[fl*; 0'^] One calls g nilpotent if there is an integer n such that g"" = {0}. If moreover 

g"'“^ 7 ^ {0} then n is called the nilpotent index or nilindex of g and denoted by n(g). A 
nilpotent Lie algebra g with nilindex ?7,(g) is called n(g)-step nilpotent. From Engel Theorem, 
each adjoint operator ad{X) is nilpotent with = 0 for any A G g. In the present 

work, we regard a p-step nilpotent Lie algebra as a Lie algebra whose Lie bracket satisfies a p- 
associativity condition. We define for p equal to 2 or 3 new cohomological spaces whose main 
property is that the second group of cohomology characterizes the deformations of p-step 
nilpotent Lie algebras in the class of p-step nilpotent Lie algebras. Recall that if we denote by 
g) the Chevalley-Eilenberg cohomological spaces of g, the space g) parametrizes 

the deformations of g but in general such a deformation is not nilpotent. Cohomological 
spaces also different from the Chevalley-Eilenberg’s ones are defined in |T9] and more adapted 
to nilpotent Lie algebras. In fact, if p is fixed, the 2-cocycIes determine p-step nilpotent 
cocycles of g/g^"*"^ by {X e g,ad(E)^(A) = 0 VF G g}. Our point of view is a little bit 
different. We will describe cohomological spaces which are associated to deformations of 
p-step nilpotent Lie algebras is this family of p-step nilpotent Lie algebras. 

Let pNiln be the variety of n-dimensional p-step nilpotent Lie algebras over IK. Recall that 
the characteristic sequence c(g) of a nilpotent Lie algebra is the invariant, up an isomorphism, 
defined as follows (see my- if A is in g then the linear operator ad{X) is nilpotent and we 
denote by c(A) the decreasing sequence of the dimensions of Jordan blocks of ad{X). The 
characteristic sequence of g is 

c(g) = inf{c(A),A G g -g^}. 
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considering the lexicographic order. If g G pNilpn, then c(g) = (p, • • • ,p,p — 1, • • • ,1) where 
p appears kp times, p — 1 appears fcp_i times, • • •, and 1 appears ki times with kp ^ 0 ^ ki 
and n = clear that if 0 i G pNilpn is a formal deformation of g G pNilpn in the 

Gerstenhaber sense ([2], HJ [10]) then c(g) < c(gi). If the characteristic seqnence of the Lie 
algebra g is c(g) = (p, • • • ,p, /, 1) with I = n — 1 [p] then any deformation gi G pNilpn of g 
has the same characteristic seqnence. We denote by ... family of n-dimensional 

p-step nilpotent Lie algebras with characteristic seqnence (p, • • • ,P,P — 1, • ‘ ‘ 5 1) where i 
appears k^ times, for 1 < i < p. The previons remark shows that ^^=1 is an open set 

in pNilpn- The aim of this paper is to stndy this open set for p = 2 and 3. 

The stndy of this family is interesting, at least, for two reasons: 

(1) The important works of Vergne on nilpotent Lie algebras lead to conjectnre that 
’’there exist no rigid nilpotent Lie algebras (in the variety of Lie algebras )”, where 
rigidity means that any deformation is isomorphic. This conjectnre has still not be 
settled. In the present work, we dehne a notion of rigidity on pNilpn associated with 
deformations internal to this variety. If there exists a connterexample to the Vergne’s 
conjectnre, necessarily this algebra will also be rigid in pNilpn for a good p. 

(2) The classihcation of nilpotent Lie algebras is still an open problem. General re- 
snlts are known for the dimensions smaller than or eqnal to 7 [5| and partial resnlts 
for the dimension 8 [T 8 |. In the present work we determine rigid Lie algebras in 

■■■ 0 ki=i 0 ■■■ fci=i P < 3. Then the classihcation of the elements of this family 
is in part determined by the contractions of the rigid Lie algebras contained in this 
variety. 

We give also some examples of stndy of families ... associated to p-step nilpotent 

Lie algebras with a characteristic seqnence which is not maximal, in order to show how it 
can be nsefnl to classify the pNilp^. 

Notations. If g is a Lie algebra over K with Lie bracket p, we denote by i75(g,g) or 
its Ghevalley-Eilenberg cohomology. The corresponding cobonndary operator will 
be denoted Sc,^i, or when no confnsion is possible, 6c- 

2. Associative Lie multiplication and 2-step nilpotent Lie algebras 

2.1. The variety 2Nilpn- Let g be a Lie algebra over an algebraic held IK of characteristic 
0. If we denote by [X, Y] the Lie bracket of g, it satishes the following identities 

r IX,Y]=-IY,X], 

\ i[Jf, Y], Z] + [|y, Z], X] + [[Z, X],Y] = 0 (Jacobi Identity), 

for any X,Y, Z G g. We assnme moreover that the Lie bracket is also an associative prodnct, 
that is, it satishes 

IIX,Y],Z] = IX,IY,Z]], 
for any X,Y, Z G g. The Jacobi identity therefore implies 

(1) [|z,jf]l,yi = o. 

Proposition 1. The Lie bracket of the Lie algebra g is an associative product if and only if 
Q is a 2-step nilpotent Lie algebra. 
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In fact, the relation [[Z,X],y] = 0 means that [[0,g],0] = C^id) = 0 where 0{q) denotes 
the ideals of the descending central series of 0 . The converse is obvious. 

Let n be a hxed integer. Any n-dimensional K-Lie algebra 0 is identified with the pair 
(]K"',/i) where fi is the Lie bracket on the underlying vector space of 0 , that is K"". We £x a 


n 


basis of {cj} of K"'. Then /i is determinated by its structures constants iJ,{ei, ej) = 


Equation ([T]) is equivalent to 


k=l 




( 2 ) 




\/k, s G {1, • • • , n}, I < i < j < n. 


1=1 


r-w~i 3 

These polynomial identities dehne an algebraic variety on K"" denoted 2Nilpn in which any 
point is a 2-step n-dimensional nilpotent Lie algebra over K. 

This variety is hbered by the orbits of the action of GL{n, K) on 2Nilpn 


GL{n, K) X 2Nilpn —)■ 2Nilpn 

given by (/, /i) ha- / ■ /i with / • /i(X, Y) = f{Y)). The orbit 6{p) of p is the set 

of Lie algebras isomorphic to 0 = (K^,p). 


Definition 2. A Lie algebra p G 2Nilpn is called rigid in 2Nilpn if its orbit 6{p) is open in 
2Nilpn- 


This notion of rigidity is equivalent to say that any formal deformation Pt = P + Y2 of 
p in 2Nilpn is isomorphic to p (For general dehnition of formal deformations see [2l |13l H]). 
We know that there exists a cohomological sequence H^^j-{p,p) which parametrizes the 
deformations of p. We shall define this cohomology. 


2.2. The CH-cohomology of 2-step nilpotent Lie algebra. Let 0 o = (MA,po) be a 
2-step nilpotent Lie algebra over K. The CH-cohomology of 0 o is the cohomology associated 
with the complex (C"’(]K"’, K"'), ’where C”'(]K”, K"’) is the vector space of skew n-linear 

maps on 0 o with values in 0 o and <5^/1 mo • K"') is the linear operator 

dehned by 




4h,A(Vi.--'.A2J = 


Since o = 0, we define 


/^o(W, • • • , W 2 P+ 1 )) 

P 

+ i/^o(-A2i, X2i+l), • • • ,X2p+l), 

i=l 

/xo(Xi,i^(X2,-- - ,X2,)) 

p-1 

+ ■ ■ ■ )/^o(-A2i+l, X2i+2), • • • ,X2p). 

i=l 


^cniLo, /^o) 


/^o) 

f^o) 


with Z^h{po,Po) 


{p G = 0} and B:^,,{po,po) 


Im(5 


n—1 
CH,(io • 
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We shall prove that this cohomology is the cohomology of deformations for 2-step nilpotent 
Lie algebras. For this, we introduce a quadratic operad with the property, any algebra over 
this operad is a 2-step nilpotent Lie algebra. 

An operad is a sequence V = {P(n), n G N*} of ]K[S„]-modules, where ]K[S„] is the algebra 
group associated with the symmetric group with compj-operations (see [H])- The main 
example corresponds to the free operad r(i?) = {r(£')(n)} generated by a ]K[S 2 ]-module E. 
An operad V is called binary quadratic if there is a ]K[S 2 ]-module E and a ]K[S 3 ]-submodule 
R of T{E){3) such that V is isomorphic to T{E)/7l where TZ is the operadic ideal generated 
by TZ{3) = R. 

Proposition 3. There exists a binary quadratic operad, denoted by 2J\filp, with the property 
that any 2J\filp-algebra is a 2-step nilpotent Lie algebra. Moreover, this operad is Koszul. 


In fact, we consider E = sgn 2 , that is, the representation of S 2 by the signature, then 
T{E){3) = sgns © V 2 where V 2 = {(t, y, z) G x + y z = t)}. Let R be the submodule 
of r(ii^)(3) generated by the vectors {xi ■ xj) ■ Xk, with i,j, k all different. We deduce that 
2Milp{2) is the ]K[S 2 ]-module generated by xi ■ X 2 with the relation X 2 ■ xi = —xi ■ X 2 so it 
is a 1-dimensional vector space and 2N'ilp{3) = {0}. Let us prove that this operad satishes 
the Koszulness property (see m)- The generating function of a binary quadratic operad 
2J\filp is 

1 x‘^ 

g 2 Ariip{x) = X/ “i dim(2A/'i/p(a))a;“ = x-\- 

CLt Zi 

a>\ 

The dual operad 2Milp' of the operad 2J\filp is the quadratic operad 2J\filp' := T{E^)/(R-^), 
where R^ C r{E'^){3) is the annihilator of i? C r{E){3). Thus the dual operad {2J\filp)' is 
r(l) the free operad generated by a commutative operation. So 

dim(27\^z/p)'(l) = 1, dim(2J\filp)'(2) = 1, dim{2Milp)'(3) = 3, dim(2J\filp)'(d) = 15 
and more generally, if we denote by dk the dimension of {2Afilp)'(k), we have 






d2k+l — ^ ^ C2k+l^id' 




i=l 

k-\ 


d2k — X 


2=1 


So the generating function of 2J\filp' is 


E 


dk k 
k\^ ■ 


If an operad V is Koszul, then its dual V' is also Koszul and the generating functions are 
related by the functional equation 


It is known that r(IL) is Koszul, so also 2J\filp and this implies the proposition. We can verify 
that the generating function 92 Miip of the operad 2N'ilp satishes the functional equation 

92J\filpi. 92J\filp'\ ^)) 
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The operadic cohomology of a quadratic operad is described in [H]. We hnd the CH- 
cohomology. Since 2J\filp satishes the Koszul property, this cohomology coincides with the 
deformation cohomology for 2A/'z/p-algebras, that is the cohomology which parametrizes the 
formal deformations of a 2-step nilpotent Lie algebra. 

Remark. Let us consider an associative algebra {A, •) where x-y denotes the multiplication 
in A. Thus 


[x,y]=x-y-y-x 


is a Lie bracket. This Lie bracket is associative if and only if the multiplication of A satishes 


{x ■ y) ■ z — [y ■ x) ■ z — {z ■ x) ■ y + {z ■ y) ■ X = 


This kind of nonassociative algebra belong to the family of nonassociative algebras described 
in [H]. In this work, we dehne “natural” non-associative algebras, denoted G-associative. 
Thus we can look what happen when we consider a Lie algebra whose Lie bracket satishes 
such non-associative identities. But, we can look very quickly that if a Lie bracket is G- 
associative, then it is also associative and we return to the initial case. 


2.3. Deformations and Rigidity in 2Nilpn- Let 0o = be a n-dimensional 2-step 

nilpotent Lie algebra over K. Let 0 = be a deformation of 0 o in 2Nilpn, that is 

p = /io + ^ f (pi 

where pi are skew-symmetric bilinear maps on K”’. The Jacobi condition related to p gives 
in particular that ipi G Z^j:^(go, 0 o) and 

(3) I 

[ = 0 , 

where (p • (p = 0 is the Jacobi identity. A deformation of type p = + tp will be called a 

linear deformation. 

Since 0o) parametrizes the deformations of 0o in 2Nilpn, Nijenhuis-Richardson 

Theorem ([I 6 ]) gives: 

Theorem 4. Let 0 o be a n-dimensional 2-step nilpotent Lie algebra on K. If 0o) = 0, 

then 00 is rigid in 2Nilpn. 

Propositions. [11] The {2p-\-l)-dimensional Heisenberg algebra i) 2 p+i is rigid in2Nilp2p+i. 

Proof. The dimension of the algebra of derivations of i) 2 p+i is computed in [7]. We deduce 
dimR^^(f) 2 p+i, fl 2 p+i) = P(2p + 1). Let {Xi, • • • ,X 2 p+i} be the basis of f) 2 p+i satisfying 

[Xi, X 2 ] = • • • = [X2._l, X 2 .] = • • • = [X2p_l, X2p] = Xsp+l. 

If Lp{Xi,Xj) = then 5cH,pio{T){Xi,Xj,Xk) = 0 is equivalent to 

pi^Toi^Xi, Xjf Xk) -|- po(^(Xj, Xj), Xfc) 0 , 
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that is, 


' 2p+l 

k=l 

ip{Xi, Xi) = 3<i<2p; ip{Xi, Xap+i) 

p{X2,Xi) = afi^^X2p+i, 3<i<2p; p{X2 ; X 2 P+ 1 ) 

2p 

¥’{X2i-l, X2i) = Cli2Xk + 02^-1 2i"^2p+l, 2 < 1 < p] 
k=l 

ip{XuX,) = a2f+'X2p+i, (/,s) ^ (2z - 1,2*); 

9^(-^2L-^2p+l) = fll2 ^-^2p+l5 I < P; 

<P(-^2i-l,-^2p+l) = —ai2-^2p+l, ^ < P- 

We deduce that dim Z^^(f) 2 p+i, f) 2 p+i) = p(2p+ 1). So dimiJ^^([) 2 p+i, f) 2 p+i) = 0 and () 2 p+i 
is rigid in 2 Nilp 2 p+i. 


— ®12^2p+li 

= a^2^2p+l] 


Let us note that f) 2 p+i is not rigid in the variety of {2p + l)-dimensional Lie algebras. 
From m, any deformation of f) 2 p+i is a contact Lie algebra. The rigidity in 2Nilpn can 
be understood by the fact that any nilpotent Lie algebra whose characteristic sequence is 
(2,1, • ■ ■ , 1) is isomorphic to a direct product of an Heisenberg algebra by an abelian algebra. 


2.4. 2-step nilpotent Lie algebras with characteristic sequence (2, • • • , 2,1). Let i 

be the (2p+ l)-dimensional Lie algebras dehned by the following brackets given in the basis 
{W, • • • , X 2 p+i} by 

[Xl, X2j] = X2i+l, 1 < * < p, 

the other non defined brackets are equal to zero. Its characteristic sequence is (2, • • • , 2,1) 
where 2 appears p times. 

Lemma 6. Any {2p+l)-dimensional 2-step nilpotent Lie algebra with characteristic sequence 
(2, • • • ,2,1) is isomorphic to a linear deformation o/g^^i. 

Proof. Let g be a {2p + l)-dimensional 2-step nilpotent Lie algebra with characteristic 
sequence (2, • • • ,2,1). There exists a basis {Xi, • • • ,X 2 p+i} such that the characteristic 
sequence is given by the operator ad{Xi). If {Xi, • • • ,X 2 p+i} is the Jordan basis of ad{Xi) 
then the brackets of g write 

( [-^l,-^2i] = X2i+l, 1 < * < P, 

I [X2i, X2j] = ali^jX2k+i, l<i<j<p. 

V k=l 

The change of basis Yi = Xi, Yi = tXi for 2 < * < 2p -|- 1 shows that g is isomorphic to 
gt whose brackets is pt = Po + tp where po the multiplication of gp^i and p[X 2 i, X 2 j) = 
Y7k=i ® 2 L 2 /^ 2 fc-i-i, 1 < * < j < P, p(X/, Xs) = 0 for all the other cases with / < s. So g is a 
linear deformation of gp^. Let us compute the second cohomological group iL^jp(gp 4 , gp^). 
It is clear that every 2-cocycle p is cohomologous to a cocycle p' with p\Xi,X 2 i) = 0 for 
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1 <i < p. Then we can assume that p satisfies these relations : p{Xi, F) = 0 for any Y in 
In this case, we have 


0 — ^21, Xi) — ip{X2i+i,Xi), 

for any 1 < Z < 2p + 1 and 1 < i < p. If we put (p{X 2 i, X 2 j) = ^ 2 i, 2 j^k, the equations 

6 cH,fj.oPiX 2 i, X 2 j, Xi) = 0 for / = 1,2 implies that = ^ 2 i, 2 j = 0 for 1 < Zc < p. But 
ScH,fj.of{X 2 i,X 2 j) = ai^ 2 iX 2 j+i - ai^ 2 jX 2 i+i and ip is cohomologeous to 


(4) 


" p 

<p(X2,X4) = 5^a2f'X2fc+i, 
k=3 
P 

< lp(X 2, X2i) = alY^2k+i, ^<i<p, 

k=2 




2fc+l Y 
^ 2 i, 2 j ^2A:+1 


2 <i <j <p, 


k=l 


if p > 3. If p = 2 the cocyle p is trivial. We deduce that for any 2-step nilpotent (2p -|- 
l)-dimensional Lie algebra g with characteristic sequence (2, • • • ,2,1), there exists p G 
^Ci7(0p,i) 0p.i) 0 isomorphic to the following Lie algebra: 


[Xi, X2i] — X2j+1, 1 < 7 < P, 

[-^2i,-^2j] = ‘^(^2j,-^2j), 2 < i < j < p. 


where <p satisfies (jl]). In fact, if <p satisfies (jl]), it also satisfies ip • ip = 0. In particular 
the subspace m generated by {X 2 , • • • , X 2 p+i} is a 2-step nilpotent Lie subalgebra of g. For 
example, if p = 3, m is a 6 -dimensional 2-step nilpotent Lie algebra isomorphic to one of the 
following: 

. [X 2 , X 4 ] = X 7 , [X 2 , Xe] = X 5 , [X 4 , Xe] = X 3 , if c(m) = ( 2 , 2 , 1 , 1 ), 

. [X 2 , Xe] = X 5 , [X 4 , Xe] = X 3 , if c(m) = ( 2 , 2 , 1 , 1 ), 

• [X 2 , X 4 ] = X 7 if c(m) = (2,1,1,1,1), 

• [X 2 , Xg] = X 7 if c(m) = (2,1,1,1,1), 

• [X 2 ,XJ = 0 if m is abelian. 

We find again the classification of 7-dimensional 2-step nilpotent Lie algebras with charac¬ 
teristic sequence ( 2 , 2 , 2 , 1 ). 

Let XI^YpI=i = be the family of 2-step nilpotent (2p-|-l)-dimensional Lie algebras 

of characteristic sequence (2, • • • ,2,1). It is the orbit associated with the action of the 
algebraic group GL(2p -|- 1, K) of the family Lie algebras given in (E]). Since any (p 

of the family ([S]) is given by (jl]) and satisfies <p • <p = 0 , the family is parametrized 

by the structure constants (af^) of ip and fpY’"^ ^ linear plane in Then XpY'^ is a 

connected algebraic variety which is fibered by the orbits of the Lie algebras of In 

particular, if there exists in XpY’‘^ ^ rigid Lie algebra in 2Nilp2p+i, that is, a Lie algebra of 
whose orbit is Zariski-open, its Zariski closure is an algebraic component of XpY^’"^ 
and coincides with it. This implies 
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Proposition 7. If q and g' are two {2p + l)-dimensional Lie algebras rigid in 2Nilp2p+i and 
belonging to then they are isomorphic. 

Let us determine these Lie algebras. 

Proposition 8. ( 1 ) The Lie algebra 05 = 02,i is rigid in 2Nilp^. 

( 2 ) Let 07 be the 7-dimensional 2-step nilpotent Lie algebra defined by 

[Xi,X2i] = X2.+1 ,1 < * < 3 , [X2,X4] = X7, [X2,Xg] = X5, [X4,Xg] = X3. 

This Lie algebra is rigid in 2Nilpj and any Lie algebra belonging to Xjf is isomorphic 
to a contraction of Qj. 

( 3 ) Let 09 be the 9-dimensional Lie algebra given by 

[Xi, X2.] = X2i+1,1 < ^ < 4 , [X2,X4] = X7, [X2,Xg] = X5, [X4,Xg] = Xg, [Xg,Xg] = X3. 

9 2 

This Lie algebra is rigid in 2Nilpg and any Lie algebra belonging to IFfii is isomorphic 
to a contraction of Qg. 

Proof. In fact, the linear space of 2 -cocycles ip G ^^77(0,0) satisfying Equations dl]) is of 

dimension rOp = -^-. For p = 2, we obtain m 2 = 0 and 02,1 is rigid in 2Nilp^. 

For p = 3 and 4 , we have respectively m3 = 6 and m4 = 20 . This corresponds to the 
dimension of the 2 -coboundaries satisfying 6 cH,fif{Xi, ^i) = 0 . We deduce that, in each 
case, dimiL^77(0, 0) = 0 and 07 and 09 are rigid. 

Remark. Since Xjf and are connected, they are respectively the closure of the orbit 
of 07 and 09. Then any rigid Lie algebra in Xjf (respectively is isomorphic to 07 

(respectively 09). Others Lie algebras of these families are in the boundary of the closure of 
the orbit of 07 or 09 and are, by dehnition, contractions of 07 or 09. (see [1] for dehnition of 
contractions). 

Proposition 9. If p > 5, any 2-step nilpotent of dimension 2 p -|- 1 with characteristic 
seguence (2, • • • ,2,1) is not rigid in 2 Nilp 2 p+i. 

Proof ( 1 ) We hrst remark that a Lie algebra of is rigid in 2Nilp2p+i if and only if its 

second space of cohomology is trivial. In fact, Nijenhuis-Richardson Theorem implies 
that a Lie algebra in 2Nilp2p+i with a trivial second cohomology space is rigid in 2Nilp2p+i- 
For the converse we know that if a rigid Lie algebra has a nontrivial cohomology, its affine 
scheme associated with the algebraic variety 2Nilp2p+i is not reduced. But the family 
is isomorphic to a plane and its associated affine scheme is reduced. Then here the converse 
of Nijenhuis-Richardson Theorem is true and we have to prove that dim77^77(0,0) 7^ 0 . To 
compute ^^77(0,0), we can consider only the 2-cocycles satisfying (p(Xi,y) = 0 for any 
X G 0. This implies that p is completely determinate by its constants 

p{X2.,X2fi = J2^i^2k+l. 

Then this space is of dimension Consider now a linear endomorphism of g such that 

ScH,pf{Xi,Xi) = 0 . This conditions implies that /(Xsi+i) = [/(Xi),X2i] [Xi,/(X2i]. If 

we write 

^CH,iif{X2i,^2j) = b^.X2k+l 
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the coefficients are linear combinations of the coefficients iP cmd 

C(2i,i, oi2i,2j for h j = 1 , • • • jP where the coefficients cijj are the coefficients of the matrix of 
/ in the basis {Xi, • • • , X 2 p+i}. Then the are linear combinations of (p+ 1)^ parameters. 

But we have ^ coefficients af,-. Since 

Z 

then dimi?^j|^( 0 , 0 ) < dmiZ‘^^{Q,Q) as soon as p > 5. 

As soon as p > 5 there is no rigid Lie algebras in 2Nilpn. A family with k parameters of 
Lie algebras of 2Nilpn is called irreducible if two algebras corresponding to different values 
of the parameters give two non isomorphic algebras. A irreducible family with k parameters 
is rigid if any deformation of an algebra of this family is isomorphic to an algebra of this 
family. This is equivalent to say that the orbit of this family is open. For p > 5 there 
exists a irreducible family with k parameters rigid in 2Nilpn and any algebra in 2Nilpn is a 
contraction of an element of this family. 


2.5. 2-step nilpotent Lie algebras with characteristic sequence (2, • • • ,2,1,1). Let 

us denote by Qp- 1,2 the (2p)-dimensional Lie algebra given by the brackets 

[Xi,X2i] = X 2 i+ 1 , 1 < i < P — 1, 
other non dehned brackets are equal to zero. 


Lemma 10. Any 2-step nilpotent (2p)-dimensional Lie algebra with characteristic sequence 
(2, • • • ,2,1,1) is isomorphic to a linear deformation of Qp-i^ 2 - Its Lie bracket is isomorphic 
to p = po + where po is the Lie bracket of gp- 1 ^ 2 , and ip is a skew-bilinear form such that 


P ^ ^Ch( 0P-1,2, flp-lg), 

p(p(X,F),Z)=0, VX,F,Z. 


Proof. The proof is similar to the proof of Lemma [ 6 l Note that, for a general linear 
deformation p = po + tp, the map p is a 2-cocycle for the Chevalley-Eilenberg cohomology of 
Po satisfying also the Jacobi condition ([IS]). But, since p is 2 -step nilpotent, this condition 
reduces to (p((p(X, T), Z) = 0 for any X, X, Z. 


Lemma 11. Any cocycle in Zqjp{Qp_i^ 2 , dp- 1 , 2 ) is cohomologous to a cocycle satisfying 


(7) 


<p(Xi, Xi) = 0, i = 1, • • • 2p - 1, <p(Xi, X2p) = aX2p, 

p(X2j+i,Xfc) = 0,i = 1, • • • ,p, j = 1, • • • ,p - 1, fc = 1, • • • ,2p, 

< p 

(p{X2i, X2j) = ^ ali^jX2k+i + (h^i,2jX2p, ‘I < i < j < P- 

k=l 


The proof results of a direct computation. The coboundaries of Type ([7|) satisfy 
( h/(X 2 j,X 2 j) = ai, 2 iX 2 j+i — ai, 2 jX 2 j+i, l<'i<j<p — 1 , 

I hf{X2i,X2p) = —ai^ 2 pX 2 i+i, 1 < i << p — 1 . 
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We deduce 

( 8 ) = 

For example, dimif^j:^(gp_i 2,0p-i,2) = 0 if and only if p = 1 and in this case 00,2 is the 
2 -dimensional abelian Lie algebra and we know that this Lie algebra is rigid in the variety 
of nilpotent Lie algebra of dimension 2 . If p > 1 , then Hqjj{qp-i^2i flp-1,2) is not trivial. 

Let J^]^Lp-i^ki=2 = -^p-1,2 be the family of 2 -step nilpotent ( 2 p)-dimensional Lie algebra 
with characteristic sequence (2, • • • ,2,1,1). Any element of this family is isomorphic to 
a linear deformation of 0p_i,2 whose bracket satisfy p = po + with p satishes (jb]). Let 
(p G -Z’^j:/(0p_i^2, flp-1,2) given by ([ 7 ]). The condition (p((p(X, T), Z) = 0 is equivalent to: 

(1) a = 0, = 0, l<z<p-l 

(2) and one of the following conditions: 

(a) 02^27 = 0) 1 < * < J < P ~ 1 

(b) <p(X 27 ,X 2 p) = 0, <*<p-l 

Proposition 12. The family iFp^i 2 of 2-step nilpotent {2p)-dimensional Lie algebras with 
characteristic sequence ( 2 , • • • , 2 ,1,1) is the union of two algebraic components, the first one, 
Ci{J^p^i^ 2 )! corresponds to the cocycles 

p-i 

(9) p(W2i,X2j) = ^a2f_2/X2fc+i, 2 < i < j < p, 

k=l 

the second one, C 2 (Xp^)f 2)7 to the cocyles 

p 

(10) p(X2i, X2j) = ^ a2f_2/X2fc+i 2, <i < j <p - I, 

k=l 

where the non defined product (p{X, Y) are nul. 

Each one of these components is a regular algebraic variety. These components can be 
characterized by a property of the center: it is generated by {X2i+i, i = 1, • • • ,p — 1} for 
CiiXp^l 2 ) and by {X27+1, i = !,■■■ ,p - 1 ,X2p} for C2(Xp^’i^2). 

Proposition 13. ( 1 ) Assume that p > 5 . A 2p-dimensional Lie algebra ofCi{Xp^i 2 ) is 

never rigid. 

( 2 ) Let p = 3 and ge be the Lie algebra of given by 

[Xi, X2,] = X2,+i, * = 1 , 2 , [X2, Xe] = X5, [X4, Xe] = X3. 

Then gg is rigid in 2NilpQ. 

( 3 ) Let p = 4 and gs be the Lie algebra of given by 

[Xi, X27] = X27+1, * = 1 , 2 , 3 , [X2, X4] = X7, [X4, Xg] = X3, [Xg, Xg] = X5. 

Then gg is rigid in 2Nilp%. 


Proof. 
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(1) Let 0 be in ^ 2-cocycle belonging to is cohomologous to a 

cocycle of type (|9]). The space of such cocycles is of dimension . The cobound¬ 

ary belonging to this space are parametrized by the coefficients aii,ai_j and for 
i = 2 , • • • , 2 p, a 2 k, 2 i for fc, Z = 1 , • • • ,p, that is, (p -|- 1 )^ coefficients. As soon as p > 5 
we have > (p+ 1)^- Moreover any rigid Lie algebra in 2 ) has a second 

group of cohomology of dimension 0. So there are no rigid Lie algebras in 2 ) 

for p > 5 

(2) and (3) The Lie algebras Qe and gg satisfy = 0. Thus they are rigid. 

Remark that the algebra gg corresponds to the algebra Ng’ in the classihcation of 
[18]. The algebra which are the other algebras belonging to 

Ci(J^ 3 ’ 2 ) are contractions of the algebra Ng’^. 


Proposition 14 . ( 1 ) Assume that p > 6. A 2p-dimensional Lie algebra of 

never rigid. 

(2) Let p = 3 and f)6 be the Lie algebra of C 2 {fF^\') given by 

[Xi, X2,] = X2,+i, * = 1, 2, [X2, X4] = Xg. 

Then fig is rigid in 2NilpQ. 

( 3 ) Let p = 4 and [)g be the Lie algebra of C 2 {J^l’l) given by 

[Xi, X2,] = X2i+i,t = 1 , 2, 3 , [X2, Xg] = X5, [X2, X4] = Xg. 

Then [)g is rigid in 2Nilp^. 

(4) Let p = 5 and [)io be the Lie algebra of C 2 {Xl^-f) given by 

[Xi, X2i] = X2.+1, z = 1 , 2, 3 , 4 , [X2, X4] = Xio, [X2, Xg] = X5, [X2, Xg] = X3, 
[X4,X6] = Xg, [X4,X8] = X7, [Xg,Xg] = X3. 

Then [)io is rigid in 2NilpiQ. 


The proof of the proposition is analogeous to the proof of Proposition [131 


3. Cubic associative Lie multiplication 


3.1. The variety SNilpn of n-dimensional 3-step nilpotent Lie algebras and cubic 
associative algebras. Let A be a IK-associative algebra with binary multiplication xy. The 
associativity which is the quadratic relation 


{xy)z = x{yz) 


implies six cubic relations 


( 11 ) 


{{xy)z)t = {x{yz))t, 
{x{yz))t = x{{yz)t), 
< x{{yz)f) = x{y{zf)), 
x{y{zt)) = {xy){zt), 
{xy){zf) = {{xy)z)t. 


Recall that these relations correspond to the edges of the Stasheff pentagon. 


Definition 15. A binary algebra, that is, an algebra whose multiplication is given by a 
bilinear map, is called cubic associative if the multiplication satisfies the cubic relations dp. 
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We call these relations cubic because if we denote by /i the multiplication, it occurs exactly 
three times in each term of the relations. For example, the hrst relation writes as 

/i o (p o (p 0 Id) 0 Id) = p o (/i o (Jd 0 p) 0 Id) 

which is cubic in fi. It is the same thing for all other relations. 

Proposition 16. Let g be a Lie algebra. The Lie bracket is cubic associative if and only if 
g is 3-step nilpotent. 

In fact, the hrst identity of (ITT]) becomes 

[IHi.a'J.XjI.a'.I = [|a„[A2,A3]],aj 

= -|[|A2,A3]].A,],A4] 

and hnally 

[[[Xi,X2], W3],X4] + [[[X2,X3]],Xi],X4] = -[[[X3,X4]],X2],X4] = 0, 

which implies that g is 3-nilpotent. Conversely, if g is 3-nilpotent, all the relations of flTTl) 
are satished. 


Let g = (JKL,p) be a 3-step nilpotent n-dimensional Lie algebra and {Xi, • • • ,X„} be a 
basis of K". The structure constants of fi related to this basis satisfy the following 

polynomial equations: 


X 


( 12 ) 


^ + cLc,‘ = 0 , s = 1 ,... 


< 1 = 1 
n 


E 0C.1C, = 0, 1, = 1,...,« 

t^U = l 


for any i, j, fc, I G {1, • • • , n}. Let g be a n-dimensional 3-step nilpotent Lie algebra. If we 

consider the vector space parametrized by the structure constants C^j, the polynomial 
equations (IT^ are the equations of an algebraic variety in We denote this variety by 
SNilpn- Any element of SNilpn is a Lie bracket p of a 3-step nilpotent, n-dimensional Lie 
algebra g = (JKL,p,). We identify g with its Lie bracket p. 

Let g G SNilpn- Its characteristic sequence is of type (3, • • • , 3, 2, • • • , 2,1, • • • ,1) with 
n = 3 /c 3 -|- 2 /c 2 + ki where ki is the number of i in the characteristic sequence. The aim of 
the next section is to describe the families of these Lie algebras. For example, in 

dimension 7, these families are XJq 4 , J^ii 2 and X 4 04 . 


3.2. Deformations and rigidity in SNilpn- Let gk 3 ,k 2 ,ki be the n = Sk^ 2/^2 + 
dimensional nilpotent Lie algebra with characteristic sequence (3, • • • , 3, 2, • • • , 2,1, • • • , 1) 
belonging to given by 

{ [Xi, X2+3j] = X3+3j, [Xi, Xs+Si] = X4+3j, i = 0, - ■ ■ ,^3 — 1, 

[-Ai, X3fc3+2i] = W3fc3+2j+l, j = 1, • • • ^2, 

[Xi, X3fc3+2fc2+Z+l] =0, / = 1, • • • , fci — 1. 
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Lemma 17. Any n = S/cs + 2 /c 2 + ki-dimensional 3-step nilpotent Lie algebra 0 , i.e g G 
^kt,k 2 ,kv ® linear deformation o/ 0 fc 3 ,fc 2 ,fei- 


The proof is similar to the proof of Lemma El 

As consequence, if po is the Lie bracket of gUiMMi Lie bracket p of 0 is isomorphic to 
Po + t(p where is a skew-bilinear map satisfying: 


(14) 


' ^c,f^o(L=) = 0, 
ip • (f = 0, 

/io Oi (p Oi (p -1- (p Oi (p Oi /io (p Oi /io Oi (p = 0, 

(p Oi (p Oi (p = 0 , 


where {(p) is the 4-linear map 

“ LO °1 P0°1 P> + PO Ol (p Ol (p O;^ po O;^ P05 


the identity 


ip • ip = 0 


is the Jacobi identity, and is the compi-operation (composition on the hrst argument). If 
we put Jr^^(/) = linear endomorphism / on a Lie algebra then 


Co(4.o(/))=0- 


Let 0 = (K"’,/!) be a n-dimensional K-Lie algebra. We consider the complex 


where the space 'D*(]K”', K*^) of Tcochains is 'D*(]K"', K*^) = C*(]K”', K"') for z = 1,2 and 
C*(]K”,K”) ©C*(K’^,K"') for i > 3. The coboundary operators are given by ^ 

= (<^c,m(‘/’)) 4,/.(V’)) and 

• • • , X5) = p(z/.(Xi,... , X4), X5) - z^(/i(W, X2), X3, X4, X5). 

The associated cohomology is the deformation cohomology for the 3-step nilpotent Lie al¬ 
gebras. To illustrate, we compute some spaces of this cohomology for particular 3-step 
nilpotent Lie algebras and describe the link with the problem of classihcation. 


Examples 


(1) Characteristic sequence (3,1,1). Let 01 , 0,2 be the 5-dimensional Lie algebra dehned 
by 

[Xi,X2] =X 3 , [Xi,X 3 ] =X 4 . 


We denote by po its Lie bracket. Let po tp he a linear deformation of /iq. The 
bilinear map p satishes relation flTTl) . It is cohomologous to a cocycle, still denoted by 
p, which satishes p{Xi, F) = 0 for any Y. This implies that Z^^(/io, po) is constituted 
of bilinear forms p dehned by 


p{X2, X 3 ) = aXs, p{X2, X 5 ) = 6 X 4 + cXs. 


The quadratic condition pQopop + popoij,Q-irpopQop = 0 implies that ab = 0 
and the ternary condition p o p o p = 0 gives c = 0. We deduce that p satishes 

p{X2,X,) = aXs, p{X2,X,) = 6X4 
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with ab = 0. We find the classification of 5-dimensional 3-step nilpotent Lie algebras 
again. 

(2) Characteristic sequence (3,1, • • • , 1) and n = 3 + p. If g is snch a Lie algebra, its Lie 
bracket p is isomorphic to a linear deformation of po, the Lie bracket of gi,o,p- The 
bilinear form ip satisfies conditions flTT|) . and we can assnme that ip{Xi,Y) = 0 for 
any Y. This implies in particular that (p(X 4 ,y') = 0. We consider the 2-cocycles of 
Z^^(/io,/io) satisfying these conditions. They are cohomologous to 2-cocycles given 
by 

r (p(W2,X3)=E.>5«i3^n 
I ip{X 2 ,Xk) = 5<k<n, 

( ip{Xi,Xk) = 5<l <k<n. 

— Tti 14 

In particular dimiL^^(/xo, ho) = {n — 3)-1. Since the characteristic 

sequence is equal to (3,1, • • • , 1) we have necessarily ip{Xi, X^) = af ^X^^ for 5 < / < 
k < n and also for I = 2, k > 5. If (p{X 2 , X^) is not 0, then all the constants are 
0 and g is a direct product of the 5-dimensional Lie algebra described above and an 
abelian ideal. If we assume that g is indecomposable, then ip{X 2 ,X 3 ) = 0 and g is 
isomorphic to the Lie algebra 


r [W,X 2 ] =X 3 , [Xi,X 3 ] =X 4 , 

(15) < [X2,Xk] = a2,A:-^4, k>5, 

[ [Xi, Xk] = 5 < I < k < n. 


3.3. Cubic operads. If hiss = T(E)/{Rj\^ss) is the operad for associative algebras, the 
relations (ITTll are the generating relations of (i?.Ass)(4). But these relations are following 
from the relations defining {Rass){^) = Rass- In Definition [T5l we do not assume that the 
algebra is associative. It is clear that (ITT]) do not implies associativity. From the relations 
(ITT]) we can define a binary cubic operad AssCubic. 

Let £' be a K[S 2 ]-module and r(ii^) the free operad generated by E. Consider a K[S 4 ]- 
submodule R of r(i?)(4). Let 71 the ideal of r(F^) generated by R. We have 

7^ = {7^(n),r^ e N*} 
with 7^(l) = {0}, 7^(2) = {0}, 7^(3) = {0}, 7^(4) = R. 


Definition 18. We call cubic operad generated by E and defined by the relations R C 
r(£')(4), the operad V{E^R) given by 


V{E,R){n) 


r(E){n) 

Ji{n) 


For example, the operad AssCubic is the cubic operad generated by = ]K[S 2 ] and the 
]K[S 4 ]-submodule of relations R generated by the vectors 

f {{XIX2)X3)X4 - {xi{x2X3))x4,, {xi{x2X3))x4 - Xi{{x2X3)x4,), Xi{{x2X3)x4) - Xi{x2{x3X4)), 

\ XI{X2{X3X4)) - {X1X2){X3X4), {xiX2){x3X4) - {{X4X2)X3)X4. 


Thus we have AssCubic{2) = ]K[S 2 ], AssCubic{3) = 
the 24-dimensional IK-vector space generated by {(( 


F(E)(4) 

= ]K[S 3 ], and AssCubic{4i) = is 

^cr(l)^cr( 2 ) )^cr(3)) ^(t(4) 7 ^ ^ ^ 4 }. 
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Definition 19 . The cubic operad SAfilp is defined by 3J\filp{2) = sgn 2 , SATilp^S) = Cie{3) 
and 3Afilp{4:) = {0}, where Tie is the operad for Lie algebras. 

In particular any 3AfUp-algebra, is a 3-step nilpotent Lie algebra. But this operad is 
cubic so we don’t know direct links between an operadic cohomology and the cohomology of 
deformations. 


3.4. Characteristic sequence (3, • • • , 3,1). Let 0p,o,i be the (3p-|-l)-dimensional nilpotent 
Lie algebra whose Lie bracket is 


(16) 


{ [Xi, Xsi] — Xsj+i, z — 


Then, any {3p -|- l)-dimensional 3-step nilpotent Lie algebra g whose characteristic sequence 
is (3, • • • , 3,1), that is g G is isomorphic to a linear deformation of gp,o,i- If U (resp. 

/zo) is the Lie bracket of g (resp. of gp,o,i )) then fi = p.o-\-tip where the bilinear form ip satisfies 
flTTD . Since ip has to satisfy dQ^^^{ip) = 0 and = 0, this 2-cocycle is cohomologous to 

the bilinear form, always denoted by ip\ 


X^j) = ^ a3j_i g^Xsfc+i, 1 < z < j < p, 
k=l 
p 

03j,3i-1^3fc+l; 1 ^ i < j ^ P, 


(17) 


k=l 


TiXsi-i, — 5^(a3i ,3i-l + 0.3i-l,3j)X3k + Q3i-l,3i-1^3A:+l; 


k=l 


k=l 


1 < i < j < p. 


In particular, we deduce that 


dimi7^pj(gp,o,i,gp,o,i) = 


p^(3p — 1) 


If / G GL{3p-\- 1,K), then the conditions 6c,^of{Xi,Xi) = 0 imply that 

/(X 3 ,) = [/(Xi),X3,_i] + (Xi,/(X3,_i)], 

/(X3,+i) = [f{X,),X,,] + (Xi,/(X3,)]. 


Then 


dim Bljiig, g) < (3p + 1) (p + 1) 

for any g G Since any 2-cocycle of g is also given by flTTll . we deduce 

Proposition 20. If p > A, any g G is not rigid. 


In particular, since isomorphic to a linear space of dimension family 

is the orbit of a family with at least -7p -8p-2 parameters. 
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Let US consider the case p = 2 that is of the dimension 7. We have 
' p{X2,Xs) = a,X, + hXr, 

= 02^4 + 62 W 7 , 

< </?(W2, Xq) = 03X4 + 63X7, 

= 0,4X4 + 64X7, 

</9(X2, X5) = (02 + a 3)-^3 + 05-^4 + (^2 + + &5X7. 

In particular, computing with the condition (p(Xi,X) = 0 for any Y, we find 

dim 77^(92,0,1,02,0,1) = 10 

y 3 

and the family X2’oi is reduced to a 10-dimensional regular algebraic variety parametrized 
by the constant (a*, 6j), i = 1 , • • • , 5 . 


Proposition 21. The 7-dimensional nilpotent Lie algebra g whose Lie bracket is 


(18) 


f [Xi,X3i_i] — Xsi, [Xi,X3j] — X3j+i, 7 — 1,2, 

I [X2,X3]=X4, [X3,X5]=X7, 

] [X5,X6]=X4, 

[ [X2,X5]=X6. 


is rigid in 3Nilpj. Any 7-dimensional Lie algebra of characteristic sequence (3,3,1) is a 
contraction of g. 


In fact dimi7^(g,g) = 0. 

We deduce that the classification of the Lie algebras of XJq 7 is given by 


(ui, 02, 03, 04, 05, 61, 62, &3, ^4, b^) G {(0, 0, 0, 0, 0, 0, 0, 0, 0, 0), (0, 0, 0, 0, 0, 0, 0, 0, 0,1), 

( 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ), ( 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 1 ), ( 0 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 0 ), 

( 0 , 0 , 0 , 1 , 0 , 1 , 0 , 0 , 0 , 0 ), ( 1 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 1 , 0 ), ( 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 ), 

( 1 , 0 , 0 , 0 , 1 , 0 , 1 , 0 , 0 , 0 ), ( 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 1 , 0 ), ( 0 , 0 , 1 , 1 , 0 , 0 , 0 , 0 , 1 , 0 ), 

( 1 , 0 , 0 , 1 , 0 , 0 , 1 , 0 , 0 , 0 ), ( 1 , 0 , 0 , 1 , 0 , 0 , 0 , 0 , 0 , 1 ), ( 1 , 0 , 0 , 0 , 0 , 0 , 1 , 0 , 0 , 0 ), 

( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 , 0 ), ( 1 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 1 )} 


3.5. Algebras attached to a 3-step nilpotent Lie algebra. If g is a 3-step nilpotent Lie 
algebra, there exists ki, /c 2 , k^ such that g G J^kfk 2 fci ^^0 ^1 ^ linear deformation of 

Then the brackets of g and satisfy p = Po + tip and Relations fflTl) . In particular we 

have 

(19) po oi T’ °i 7^ + 7^ °i T’ °i /^o + T’ °i A^o oi = 0. 

This relation can be interpreted as a dehnition of an algebra structure on KL. This algebra 
is not necessarily a Lie algebra and it is associated with po- 

Definition 22. Let g = be a n-dimensional 3-step nilpotent Lie algebra. We call 

algebra attached to g any n-dimensional 7L-algebra whose bilinear multiplication p satisfies 
the following identity: 


/i O4 (p (p -1- (p O4 (p O4 /i -|- (p O4 p O4 (p = 0. 
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For example, if 0 = /io), the algebras whose multiplication is (ITTll is attached 

to 0p,O,l- 

For this type of algebras, we can define a cohomology of deformations which provides new 
invariants of 0 . For this cohomology, /io is always a 2-cocycle. 

Remark. There is a class of cubic algebras which is really interesting: the Jordan algebras. 
Recall that a K-Jordan algebra is a commutative algebra satisfying the following identity 

xiyx^) = {xy)x^. 

Since K is of zero characteristic, linearizing this identity, we obtain 

{{x2X^)Xi)Xi {{XzXi)Xi)x2 + {{XIX2)X4)X3 - {x2X3){x4Xi) - {x3Xi){x4X2) - iXiX2){x4X3) = 0 . 

This relation is cubic. It is invariant by the permutations Id,Ti 2 ,Ti 3 ,T 23 ,c,c^ where c is 
the cycle (123). This permits to determinate an associated cubic operad called Jord. It is 
dehned by 

F(l)(4) 

Jord{2) = 1, Jord{3) = 1 © V, Jord{A) = 

where 1 is the identity representation of S 2 and the ]K[S 4 ]-moduIe 7?.(4) is generated by the 
vector 


((a;2a;3)a;4)a;i + {{x3Xi)x4)x2 + {{xiX2)x4)x3 - {x2X3){x4Xi) - (a;3a;i)(a;4a;2) - (a;ia;2)(a;4a;3) 


which is a vector space of dimension 4. Since dimF(l)(4) = 15, thus 


r(i)(4) 

K(4) 


is of dimension 


11. But, as in the operad, we do not know a direct process giving an operadic 

cohomology or a link between this cohomology and the deformation cohomology. But we 
can directly dehne the space of bilinear forms associated with a linear deformation. This 
space corresponds to the 2-cocycles in the deformation cohomology. Using notations of [H], 
if fi is the Jordan multiplication, then the Jordan identity is writen 


(/7 O 4 O 4 — /i O (/i © p,)) O = 0 

where v is the following vector of the group algebra ]K[S 4 ], v = (2341) + (3142) + r 34 . We 
deduce that a 2 -cocycle is defined by the identity 


(99 04 O4 /x + /i Oi 99 O4 /x + /i O4 /i O4 99 — /i o (|i © © /i) + (^ o (/x © |i)) o <|>^ = 0. 


Remarks. 

(1) We can generalize this process to dehne (n — l)-associative (binary) algebras: we 
consider the relations dehning the S„-module Ass{n) of the quadratic operad .Ass 
and dehne, as above, an algebra with a multiplication which is a bilinear map /x 
(nonassociative), satisfying the previous relations where /x occurs n — 1 times in each 
term of the relations. This algebra will be called (n — l)-associative (binary) algebra. 
If the Lie bracket of a algebra 0 is also {n — l)-associative, we prove a similar way 
than for the cubic associative case that 0 is a nilpotent Lie algebra of nilindex n — 1. 

(2) There exits another notion of associativity for n-ary algebras (an n-ary algebra is a 
vector space with a multiplication which is an n-linear map), the total associativity. 
For example, a totally associative 3-ary algebra has a ternary multiplication, denoted 
xyz, satisfying the relation: 

{xyz)tu = x{yzt)u = xy{ztu) 
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for any x,y,z,t,u. The corresponding operad is stndied in [12] and na. Let g be a 
Lie algebra. We have the notion of Lie triple prodnct given by [[x, y], z]. If we consider 
the vector space 0 provided with the 3-ary product given by the Lie triple product, 
then 0 is a 3-Lie algebra ([5]). Let us suppose now that the Lie triple bracket of 0 is 
a totally associative product. This implies 

|[[|A',yi,zi,r],c/] = [|A', IIY,Z],T]],U] = [[A,y], [[z,r],c/]]. 


But 


[[A,r].||z.r],t;]] 


We deduce 

||A, l|K,Z|,r]|,C/| 


-[[|z.r],t;],[A,y]] 

[.Y,|y,||z,T],i7]|| + iy,|[[z,r|,r/|,A'|] 
[||[z,r],r/|,y],.Y]-[||iz,T],i7],.Y],y| 
[|Z, [|T,(7|,y]|,.Y|-[|Z,||T,(7|,A'|],y|. 


[[z, [|r,c/],y]],A]-[|z,||r,c/],A]],yi 
2=|[A, ||y,z],rj], t;] - 25 |[a, ||y, z],u]],t] 


Then 

(2= - 1)||A, i|y Z|, r]|, U] = 2=1|A, iiy z|, u]],tV 


This implies 

||A, [|y, Z], T]], C/] = 0 = [||[A, Y], Z],T],U] = |[A, Y], [[Z, T], C/]]. 
The Lie algebra is 4-step nilpotent. 
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